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Sample Size Under NPH Introduction

• Non-proportional hazards (NPH) are common in time-to-event (TTE) trials

• E.g. heterogeneous populations, ‘cures’, immuno-oncology

• Cox and Log-Rank Test very common analysis even under NPH

• HR meaningful if viewed as a weighted average over time

• Both methods powerful under NPH (and often required by FDA/EMA…)

• RMST and landmark analyses are being increasingly investigated as alternatives

• Other methods are available… (e.g. weighted log-rank test, average HR)

• However there are issues with sample size calculations:

• Those for Cox/Log-Rank Test assume PH

• Those for RMST/Landmark methods struggle with censoring

• Simulations typically recommended….

• Here, accurate analytical methods for NPH planning are presented 



Sample Size Under NPH Log Rank Test

• Log Rank Test is the Score Test for a basic Cox Model

• Sample size planning for one works for the other

• Power is typically calculated using the Schoenfeld Formula*:

𝐸𝑣𝑒𝑛𝑡𝑠 =
(𝑍1−𝛼+𝑍1−𝛽)2

𝑃1𝑃2log(𝜃)2

• However, under NPH, we do not know 𝜃 (the HR). 

• Formula also derived under PH: Can it still be used?

• Hard to derive 𝜃 directly due to ‘dynamic’ event-driven weighting scheme

• Instead we use an indirect LRT-based method…
*Schoenfeld D, Biometrics 1983, 39(2):499-503



Sample Size Under NPH Pike and Peto

• Log-Rank Formula:

𝑍𝐿𝑅𝑇 =
𝑂𝟏 − 𝐸𝟏

𝑉

• Two literature-reported methods* use LRT-derived quantities to estimate 𝜃: 

ln  𝜃𝑝𝑒𝑡𝑜 =
𝑂1−𝐸1

𝑉
, 𝑉𝑎𝑟 ln  𝜃𝑝𝑒𝑡𝑜 = 1/𝑉

 𝜃𝑝𝑖𝑘𝑒 =
𝑂1𝐸2

𝑂2𝐸1
, 𝑉𝑎𝑟 ln  𝜃𝑝𝑖𝑘𝑒 =

1

𝐸1

+
1

𝐸2

• Pike method reported** as more accurate, but conservative  Chosen method

• Reasonable for 1/3 < 𝜃 < 3

• Expectations are calculable for all components

*Peto R, Peto J, J R Stat Soc A Ser A-G. 1972, 135: 185-198

**Berry G, Kitchin R, Mock P, Stat Med. 1991, 10: 749-755.



Sample Size Under NPH Expectations

𝑶𝒋 =  𝒅𝒊𝒋 𝑬𝒋 =  
𝒏𝒊𝒋𝒅𝒊

𝒏𝒊

• To calculate expectations, we consider the distribution functions w.r.t. time: 

• Assuming independence of events, dropout (dr) and administrative censoring (c):

𝑑𝑗 𝑡 = 𝑁𝑗 1 − 𝐹𝑑𝑟,𝑗 𝑡 1 − 𝐹𝑐,𝑗 𝑡 𝑓𝑗 𝑡 = 𝑁𝑗𝐶𝑗
−(𝑡)𝑓𝑗 𝑡

𝑛𝑗 𝑡 = 𝑁𝑗 1 − 𝐹𝑑𝑟,𝑗 𝑡 1 − 𝐹𝑐,𝑗 𝑡 1 − 𝐹𝑗 𝑡 = 𝑁𝑗𝐶𝑗
−(𝑡)𝑆𝑗 𝑡

• Therefore:

𝑬 𝑂𝑗 =  0

𝑇
𝑑𝑗 𝑡 𝑑𝑡

𝑬 𝐸𝑗 =  0

𝑇 𝑛𝑗 𝑡 𝑑1 𝑡 +𝑑2 𝑡

𝑛1 𝑡 +𝑛2 𝑡
𝑑𝑡

•  Everything needed to predict HR and hence power

𝜃𝑝𝑖𝑘𝑒 =
𝑂1𝐸2

𝑂2𝐸1
, 𝑂 =

(𝑍1−𝛼 + 𝑍1−𝛽)2

𝑃1𝑃2log(𝜃)2



Sample Size Under NPH RMST

• Royston & Parmar provided formulae for RMST sample size planning*:

• 𝜇𝑗 = 𝐄 𝑅𝑀𝑆𝑇𝑗 =  0

𝑅
𝑆𝑗 𝑡 𝑑𝒕

• 𝐕 𝑅𝑀𝑆𝑇𝑗 = 2  0

𝑅
𝑡 𝑆𝑗 𝑡 𝑑𝑡 −  0

𝑅
𝑆𝑗 𝑡 𝑑𝑡

2

• 𝑺𝑬(  𝜇𝑗) =
𝜑2V RMST𝒋

𝑁𝑗

• However, 𝜑2 is censoring/recruitment dependent, (1 if no censoring, increasing with censoring).

• No direct estimation method provided (Suggested to back-estimate from existing trial data).

• Note that 𝐕 𝑅𝑀𝑆𝑇𝑗 is an intrinsic property of event distribution

• Independent censoring does not affect KM plot, only the number at risk

• We therefore need to replace 𝑁𝑗 by an effective sample size

*Royston, Parmar BMC Medical Research Methodology 2013, 13:152



Sample Size Under NPH RMST

• On day 1, effective sample size is 𝑁𝑗 but decreases over time due to censoring

• The overall effective sample size can be viewed as a weighted average of the changing 

effective sample size over time, using the point variance function as the weighting.

• We therefore derive:

• Variance contribution at time x (by differentiation): dV(x) = 2𝑆(𝑥) 𝑥 −  
0

𝑥
𝑆(𝑡) 𝑑𝑡

• Effective sample size at time x: 𝑁𝑒𝑓𝑓(𝑥) =
𝑁  0

𝑥
𝐶− 𝑡 𝑓 𝑡 𝑑𝑡

𝐹(𝑥)

• Then:

𝑁𝑒𝑓𝑓 = 
2𝑁

𝑉(𝑅𝑀𝑆𝑇)
 0

𝑅 𝑆(𝑥) 𝑥− 0

𝑥
𝑆(𝑡)𝑑𝑡  0

𝑥
𝐶− 𝑡 𝑓 𝑡 𝑑𝑡

𝐹(𝑥)
𝑑𝑥 and 𝑺𝑬(𝜇𝑗) =

V RMST𝒋

𝑁𝑒𝑓𝑓,𝑗

• Following Royston et al., sample size may then be calculated using standard approaches



Sample Size Under NPH Landmark

• Landmark analysis is typically performed using a normal approximation and Greenwood’s formula* to 

calculate variance:

𝑽  𝑆(𝑡) =  𝑆(𝑡)2  

𝑖: 𝑡𝑖≤𝑡

𝑑𝑖

𝑛𝑖(𝑛𝑖 − 𝑑𝑖)

• We can again calculate expectations based upon distribution functions, similar to O and E

• 𝑛𝑖 − 𝑑𝑖
𝛿𝑡→0

𝑛(𝑡) since the ‘point’ number of events tends to 0

• Note: This also corresponds more directly to Tsiatis’ formula**

• Standard normal-approximation based methods may then be applied

𝑽 𝑆(𝑡) =
𝑆(𝑡)2

𝑁
 

0

𝑇 𝑓(𝑡)

𝑆 𝑡 2𝐶−(𝑡)
𝑑𝑡

*Greenwood M Reports on Public Health and Medical Subjects. 1926, 33: 1–26.

** Tsiatis A Annals of Statistic 1981 9, 93-108



Sample Size Under NPH GESTATE

• These are complex integrals where any distributions could be specified. Problems!

• Most integrals not analytically-solvable

• Don’t want to limit distribution choice; particular issue for NPH

• Combinatorics become prohibitive with even a handful of distribution types

• Solutions:

• Numerical integration; most relevant integrals evaluable

• Generic formula coding; no distribution-specific code

• Object-oriented programming; distributions are from interchangeable Curve objects

• Self-writing code; integration functions written at run-time

• To implement this, an R package has been written: GEneralised Survival Trial Assessment Tool 

Environment (GESTATE).

• Core code can handle any ‘well-behaved’ distribution, or combination of distributions

• Adding new distributions is straightforward



Sample Size Under NPH Simulation

• Curve architecture also allows for a generalised simulation approach:

• Wide variety of event, censoring and recruitment distributions supported

• Shared inputs/syntax with analytic approach – simple to validate

• Note: still relies on independent censoring

• Designed to be straightforward to use

• Automatic analysis and summary functions covering each analysis method

• Parallel processing options included for speed



Sample Size Under NPH R Shiny UI

• Interactive R Shiny UI written 

•Real-time plots of S(t), censoring CDF and 

recruitment input distributions  

•Analytic and simulation approaches run through 

same interface

•Exportable outputs 

• Inputs for an example are displayed:

• Weibull active event curve, 

• Log-logistic control event curve

• Differential Weibull censoring between arms.

• Analysis performed after 36 months

• Restriction time: 30 months

• Landmark analysis: 30 months

• 20,000 simulations performed



Sample Size Under NPH Example
Simulation Summary:

Analytic Properties:



Sample Size Under NPH Example

Events HR Log-Rank 

Power

RMST 30 Δ
(months)

RMST 30 Δ
SE (months)

RMST 

Power

Δ S(30) Δ S(30) SE Δ S(30)
Power

Simulation 251.72 0.691 82.8% 4.108 1.259 90.2% 0.150 0.0496 85.3%

Analytic 251.75 0.696 82.0% 4.122 1.255 90.7% 0.151 0.0497 85.9%

• Properties are a good match between simulation and analytic approaches

• HR of 0.69 accurately predicted for this time of assessment (36 months)

• For comparison, HR at 12 months predicted to be 0.79

• RMST and landmark standard errors accurately calculated, despite high censoring:

• Overall, 37% censoring

• Without any dropout, 308.6 events predicted (18.5% events censored due to dropout)

• For comparison, binomial-derived SE would be 0.0406

• Powers are close, although in 2-3σ range for Monte Carlo error



Sample Size Under NPH Discussion

• Methods work well for most cases, but have a few limitations:

• HR calculation becomes less accurate as planned HR moves further from 1

• Limitation of the Pike approximation

• Power calculation becomes less accurate for all three methods the more extreme the non-

proportional hazards

• The normal assumptions start breaking down:

• Variance becomes correlated with point estimate

• Properties may be predicted well, but power less so

• For RMST it is important to calculate the probability of analysis ‘failure’ (due to undefined 

analysis curve at point of restriction)

• Also implemented analytically, but not shown here



Sample Size Under NPH Summary

• Accurate numerical-integration methods for prediction of many time-to-event trial properties 

under Non-Proportional Hazards have been presented

• Prediction of the Cox hazard ratio at a given assessment time is demonstrated

• Direct, analytic power calculations under censoring are presented for RMST and Landmark 

analyses

• The GESTATE R package has been written to implement these methods in a uniquely flexible 

fashion, allowing for simple input of complex assumption combinations

• It also separately includes simulation functionality

• The GESTATE package should be publically available later in 2018.
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