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Evidence for delayed separation of survival curves (OS) 

Exponential model Piecewise exponential model

Based on reconstructed data from Kaplan-Meier curves. Herbst (2016); Borghaei (2015); Fehrenbacher (2016).
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Evidence for delayed separation of survival curves (PFS) 

Exponential model Piecewise exponential model

Based on reconstructed data from Kaplan-Meier curves. Herbst (2016); Brahmer (2015); Reck (2016). 
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Typical trial design question

• NSCLC.

• “Immuno-oncology agent (IO) + Standard Care (SoC)”   vs    SoC.

• Details:

• N = 550 recruited over 18 months.

• Median PFS on SoC ~15 months.

• Alternative hypothesis: hazard ratio = 0.7.

• Final analysis after ~3 years.

• Potential futility analysis at ~ 2 years:

• Stop trial if, e.g., observed HR > 0.9.

• Under proportional hazards (HR = 0.7), the risk of stopping is ~3%.

• What is the impact on operating characteristics if there is a delayed separation in PFS?
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What is risk of stopping at interim when…

..delay = 3m, 4m, 6m, etc., and “average HR” = 0.7.

No unique definition for the 

average hazard ratio (see 

Schemper, 2009).

I’m using:

*Schemper, Michael, et al. "The estimation of average hazard ratios by weighted Cox regression." Statistics in medicine 28.19 (2009): 2473-2489.



8

Distribution of the logrank statistic

log hazard ratio on (0, 6) log hazard ratio on (6, ∞)

U

The Peto estimate (Yusuf, 1985) of the log hazard ratio (under proportional hazards) is U / V.

Here, 

E(log( 𝐻𝑅)) = E(U / V) ≈ {𝜃1V1 + 𝜃2V2} / {V1 + V2}   

≈ 𝑁(𝜃1𝑉1, 𝑉1) ≈ 𝑁(𝜃2𝑉2, 𝑉2)
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E(U/V) over calendar time

n exp{E(𝑈/𝑉)}
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Probability of stopping for futility

Delay HR1 HR2 AvHR exp(E(U/V))

at interim

Pr(Stop)

Bound = 0.9

Pr(stop) 

Bound = 1.05

NA 1 1 1 1 0.81 0.35

NA 0.7 0.7 0.7 0.7 0.03 <0.01

3 1 0.66 0.7 0.74 0.07 <0.01

6 1 0.6 0.7 0.8 0.17 0.02

Interim analysis after approximately 24 months / 245 events.



Idea: use evidence of delayed effect to improve design

Hazard ratio 

months 0 to 6

Hazard ratio 

months 6 to 24

Proportion of events 

from months 0 to 6

Proportion of events 

from months 6 to 24

 𝐻𝑅𝑅 =  𝐻𝑅2 /  𝐻𝑅1

Stop when   𝐻𝑅 > 1.05    if    𝐻𝑅𝑅 < 0.8

 𝐻𝑅 > 0.9      if    𝐻𝑅𝑅 ≥ 0.8

Less aggressive 

stopping boundary 

when there is evidence 

of a delayed effect.

Hazard ratio ratio
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Probability of stopping for futility

Delay HR1 HR2 AvHR exp(E(U/V))

at interim

Pr(Stop)

Bound = 0.9

Pr(stop) 

Bound = 1.05

Pr(stop)

Bound 

based on 

HRR

NA 1 1 1 1 0.81 0.35 0.72

NA 0.7 0.7 0.7 0.7 0.03 <0.01 0.02

3 1 0.66 0.7 0.74 0.07 <0.01 0.03

6 1 0.6 0.7 0.8 0.17 0.02 0.04

Interim analysis after approximately 24 months / 245 events
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Design dilemma

We want high power for both scenarios…

Proportional hazards (ph) Non proportional hazards (nph)
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Requires different duration and # events

exp{E(𝑈/𝑉)}

n



16

Compare designs
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Adaptive design

• After 283 events, calculate  𝐻𝑅𝑅.

• If  𝐻𝑅𝑅 ≥ 0.8, analyse the trial now.

• If  𝐻𝑅𝑅 < 0.8, continue follow-up to 361 events.

• Apply standard analysis techniques. Test as normal at 0.025 level.

Recall  𝐻𝑅𝑅 =  𝐻𝑅2 /  𝐻𝑅1 and

Similar ideas in Qiu, Peihua, and Jun Sheng. "A 

two‐stage procedure for comparing hazard rate 

functions." Journal of the Royal Statistical Society: 

Series B (Statistical Methodology) 70, no. 1 (2008): 

191-208.
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Compare designs
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But what about a group-sequential design?

Adaptive design 

• Analysis at either 283 or 361 events.

• No alpha penalty.

• Reject H0 if Z > 1.96. 

Group sequential design 

• First analysis at 283 events.

• Reject H0 if Z1 > 2.11.

• Otherwise, continue to 361 events. 

• Reject H0 if Z2 > 2.12. 
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Compare designs
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Logrank test
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Alternatives to the logrank test

• Most powerful non-parametric test under proportional 

hazards.

• No reason we have to stick with it when we expect non-

proportional hazards.

Weighted logrank tests

Weighted Kaplan-Meier-based tests

U
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Logrank vs weighted logrank

𝑈𝑊 =  𝑖 𝑤𝑖(𝑂1𝑖 − 𝐸1𝑖)

Where:

• Events occur at times 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑛

• 𝑂1𝑖 is the observed number of events on the control arm at time 𝑡𝑖

• 𝐸1𝑖 is the expected number of events on the control arm at time 𝑡𝑖, under the point null hypothesis. 

Hopefully, we will see "𝑂1𝑖 = 1” more often than "𝑂1𝑖 = 0”. But we think this is more likely at later timepoints so we 

will let 𝑤𝑖 increase with time. In this case 𝑈𝑊 >> 0, the corresponding p-value will be low, and we reject then null.
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Logrank vs weighted logrank

The problem is that survival can be uniformly worse on the new drug, but because the hazards cross, we end up with a 

statistically significant “benefit” more than 2.5% (say) of the time…

• Requires careful weighting.

• Work in progress:

• Burman, Magirr, Bartlett (2018) “One-sided weighted log-rank tests can be severely misleading”. In preparation.

• Magirr, Bartlett, Burman (2018) “Modestly weighted log-rank tests”. In preparation.
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Logrank vs Kaplan-Meier based tests

Either we ignore a large portion of the data… ..or we blow up the variance.

Requires careful weighting (see Pepe & Fleming, 1989)
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Summary

Efficacy analysis

• Group sequential designs work very well. The flexibility they offer (in terms of spending functions) 

lets us search for a specific design with robust power over the scenarios we are most interested in.

Futility analysis

• Extra caution required when stopping for futility.

• Worth exploring non-standard stopping rules, maybe HRR or looking very carefully at the KM curves.

Alternatives to logrank / Cox model

• No reason to always use the logrank / Cox model when we expect non-proportional hazards.

• Alternative methods out there.

• We still need a better understanding of their type I error and power.
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